THE (1, 2) CORRESPONDENCE ASSOCIATED WITH THE CUBIC
SPACE INVOLUTION OF ORDER TWO *+

BY

F. R. SHARPE AXD VIRGIL SNYDER

1. In two previous papers} we have developed a process of obtaining
(1,2) correspondences between two spaces from which rational space
involutions can be derived. In the present paper we consider the problem
of finding the (1, 2) correspondence associated with a given rational space
involution and particularly with the non-monoidal cubic involution of order
two. The results obtained are of special interest on account of the con-
figuration of the fundamental elements.

2. Consider an involution in a space x such that the pairs of conjugate
points are (y), (y'). We are concerned with the birational transformation
which interchanges the points of each pair. The lines joining conjugate
points (y), (y') constitute either a congruence or a complex. In the former
case each line contains an infinite number of pairs; in the latter, a finite
number of pairs lies on each line of the complex. In the case of the cubic
involution, the point (y') is the point of intersection of the polar planes
of the point (y) with respect to three quadrics 4 (x) = 0, B(z) = 0,
C(x) = 0. The quadric of the net that contains the line (y) () has the
equation

"A(x) B(x) C(x)
1) ’A(y) B(y) C(y)

Ay B(y) Cy)

= 0.

There is one point (X) on the line (y) (') such that the tangent plane at
this point to the quadric (1) shall pass through Ps, a selected one of the eight
basis points of the net of quadrics. Conversely, given a point (X), there is
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the Heckscher Foundation for the Advancement of Research, established by August Heckscher
at Cornell University. We also wish to express our indebtedness to Professor Gino Fano, of
Turin University, for helpfull suggestions.
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one quadric of the net (1) that contains the line (X) P;, and on this quadric
passes through (X) a unique second line on the quadric. On this line is just
one pair of conjugate points in the involution I, namely, the points in which
the line is met by its conjugate cubic curve in I. Hence the lines (y) (¥')
constitute a complex, and this complex is rational; moreover, since there is
a (1, 2) correspondence between the points (X) and the points (y), the cubic
involution I is-also rational.

By choosing four of the eight basis points as the vertices of the tetrahedron
of reference we may take for three quadrics of the net

A@)=ori+masasFasxsa faszy 23 =0,
2 B(w)=$4xz+b1$sxs+b2$sw1+b35'z'1w8‘=0,
C@)=mas+crxsxs +csasay + s 2 = 0.

Let P, = (0, 0, 0, 1). The tangent plane to (1) at P, contains (X). If we
write

3 Xi = Kyi+ kyl,

we find, by putting (X) for (x) in the equation of the tangent plane, that

Y Ys Ys
k= 14(y) B(y) C(y)
A(y) B(Y) C(y)
and , , ,
v, Ya Ys
—k=|A(y) B(y) C(y)
A(y') B() C()

The three polar relations A(y, ¥') = 0, B(y,¥' )= 0, C(y,¥') =0
determine the values of ¥} as cubic functions of (y). The surfaces y; = 0
have in common a sextic curve yg, locus of the vertices of the quadric cones
contained in the net of quadrics. It follows that ¥ = 0 contains y, triply, and
k' contains y, doubly, and the surfaces X; = 0, of order 12, contain yg triply.
Since ¥ = 0 is of order 11, and #'= 0 is of order 9, it follows further that
apart from yg, the surfaces (3) have in common a curve of order 63. Hence
two surfaces of the system (3) meet in a variable curve of order 27.

For our purpose, it will be convenient to use the following notation. Let
a general quadric of the net be expressed in the form

4) W A(z)+ 4 B(x)+ 4 C(x) =0.
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It will contain the points (¥), (¥') when

MA(Y)+2B(y)+4C(y) =0,

5}
©) M A5+ B()+a C(7)=0.

If we now write p;x = ¥; yk— yi. ¥i we may express equations (3) in the form

X; = pis As +p1s &,
Xs = pa1 &y + pas As,
Xy = pa1 b + pss 4,
X, = par Ay + pas A+ Pag ds.

(6)

The surfaces p;x = O are of order four, and pass through y; simply. From (5)
we see that the surfaces ; = 0 are of order 8 and pass through y; doubly.

3. Fundamental elements. Consider a point (1, ys, ¥s, ¥s) near the
basis point P, = (1, 0, 0, 0). From the polar relations A (y,¥') = 0,
B(y,y)=0, C(y,y') = 0 it follows that (¥)=(1,—ys,—ys, —¥) to
the first order of small numbers; hence

Xg == 2:1/2, Xs == 2y3, X4 == 2?/4.

From the relation 4, A (y) +4; B(y)+ 4 C(y) = 0 we have

A (ys+asys+ asys) + A (b ys+ s )+ (aysteay)=0;

hence, from the preceding relations,

4 (X4+a~sz+asXs)+)~z(b:Xs+bst2)+ls (e Xs+ s X)) = 0.

Moreover, since 4, A (x)+ 4; B(xz) + 43 C (x) = 0 contains the line

N
Xi - X o X;’
we also have
11X1+12X2+13X5=01
ll(aleXa+aaX3 ’1+aaX1X2)+12(b1XsXs+b2Xle+bsX1Xs)

+ 4 ((’1X2Xs+C:XsX1 + X Xs) =0.

Upon eliminating 4,, 4,, 44 from these three equations we obtain as image of
the basis points P, = (1, 0, 0, 0) a quartic surface.
l‘
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Now consider the quartic surface psg = 0, that has the equation

X4+ a2 23+ ag x2 a, x5+ as ay s + as 7, x
bs 25 + bs 3 x4+ by g + b 2y by s + by 7, Zg —0

es s + Cs s ¢ 23+ cs 1 X+ ¢ 22 €z 1y Xy

0 — g o 0

By multiplying the columns by z;, 2, x5, 2, respectively and adding to the
second we obtain

Tyt azxs+asxs A(x) ozt a2
bsxs+bsxs B(x) bixs+bsxy a3 — 0.
cxsters C(x) mutaxetex s

0 0 s 0

After removing the extraneous factor x, the result is exactly of the same
form in (x) as the image in (X) of the point P, in (y).

The surface pss = 0 has P; P, for double line; the lines joining each of these
points to the other six basis points lie on the surface.

The correspondence between (y) and (X) is clearly symmetrical in the
seven points P;, hence the image of each of them is a quartic surface. By
introducing the notation (81) for the surface having the line P; P, for double
line, we can readily write down the complete configuration of the lines on
each of the seven surfaces.

4. The twenty-one basis lines in (y). The lines joining the seven basis
points P;, 7 + 8, to each other belong to every surface of the web of s5.
Consider the point (4, ¥s, 0, 0) on the line y5 = 0, y, = 0. The conjugate
point (¢) in Iis (y3, —#, 0, 0), hence the line is invariant in I and no
points are fundamental except the two basis points which it contains. Since
the line contains an infinite number of pairs of conjugates, it also belongs to
a whole pencil of quadrics of the web, given by the equation

Aas+2Abs+25¢ =0

and the associated value of (X)is (43, —4,, 0, 0).

Hence the image of a point (y) on any line in (y) is the whole line in (X);
conversely, the image in (y) of any point (X) on one of the lines in (X) i3 the
whole line in (y).

5. The fundamental lines | (X). We shall denote by [ the lines joining
Py to the other seven basis points of the net of quadrics. Consider the point
(X) near (0, 0, Xy, X,). We have 4, = 0 and 4, A(x) = 43 B (z) = 0 for
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the pencil of quadrics. The tangent plane to the quadric at (X) is [(X,+ a5 X3)
+ by Xs] 2+ [y Xs+ (X, + b, X3)] 25 = 0. If we eliminate 4,: 21, we have
a cubic cone on which lie the points (y) (¥'); moreover

n_un
Ye ?/é’

hence the image of the line X; = 0, X; = 0 is the quartic ¥; ¥5 = yiy., that
is, p1s = 0. The image in (y) of a point on this line ! (X) is a curve of order
eight in which the cubic cone and the quadric meet apart from the line y, =0,
ys= 0. Similarly for each of the seven lines joining P; to each of the other
seven basis points.

The image in (y) of any line joining P; to one of the other basis points P;,
considered as a line of (X) is a quartic surface, having the line defined by the
same equations in (y) for double line, and containing the six lines through
each of the basis points on the line which join it to the other basis points.
Moreover, all of these seven quartic surfaces pass through the curve ys.

Any two of these quartic surfaces meet in yg, in their respective double
lines, counting for four, in the other five lines I (¥), and in the line m (y)
joining the basis points on their double lines.

6. The fundamental curve y, in (X). Any point (X) of y, is the vertex
of a quadric cone belonging to the net; every generator of this cone contains
a pair of conjugate points (y) (¢'), hence the image of (X) is a curve lying
on its quadric cone. There are two positions of (y) the conjugates of which
in I coincide with any given point on ys, because the conjugate of a point (X)
on yg is every point of a straight line, which is a bisecant of ys and meets the
cone in two points. Hence the image curve of (X) has a double point at (X).
Since any plane passing through (X) meets the cone in two generators, each
of which contains two image points, it follows that the curve is a sextic,
having a double point at (X). The locus of this sextic curve, as (X) describes
7e, is a surface, the order of which is determined as follows: the jacobian of
the web of s, is of order 44, and it consists of the seven quartic surfaces
pir = 0, and of the image of y;, which is therefore of order 16. This sur-
face I'y¢ has all the 28 lines joining basis points for double lines, contains y,
four-fold; the point P; is eight-fold, the other seven basis points being six-fold.

7. Images of the plane X;=0, i=1,2,3. The image of the plane X; =0
consists of the two quartics (82), (83), and of a residual quartic. Since (82)
has the line P; P; double, and the lines joining either P; or P; to the other
six basis points simple, and similarly (83) contains the line P, Py doubly, and
the lines joining either P; or P; to each of the other basis points simply, and
since the configuration of multiple lines is symmetric in all the lines on s,3, it
follows that the residual quartic smface, image of the plane X; = 0, apart
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from the fundamental lines in it, contains the lines joining P; to the other five
basis points, the four lines joining the remaining vertex of the tetrahedron of
reference to the four remaining basis points, and the six edges of the tetrahedron
formed by the basis points not at the vertices of the tetrahedron of reference.
Similarly for X; = 0, X; = 0.

We shall now prove analytically that the image of any plane of the bundle
ky X, + ks X3 + ks X5 = O has the seven lines I(y) triple and the twenty-one
lines m (y) simple. From the polar relations 4 (y, ') = 0, B(y, y') = 0,
we have
vylta e s+ asysyi+as iy = —(yays + i ya ys+ G ysys + as ya 1),

Via T oy ys+ bsysyn +0syiye = — (yai + 02 ys + bsys yi + b yiwn ).

Multiplying the two equations together, member by member, then transposing
the second member to the right, and subtracting the result from the value of
4y = A(y) B(y') — A(¥') B(y), we obtain

la=1)u[2y4yi+(as+bl) (Yayst+ysyt) +bs(rayi+ i)
4 2(a; bs) ys ys+ (s bs) (ys y1i+ys 1)l

Eliminating the terms y, ¥1+ y4 ¥ by means of A(y, ¥’') = 0, we may write

)' ’ 4 14 ’
=2 = 2y yi+ (as+by) (Y s+ ys yi) +2(ay bs) ys ys—as by (ys 1+ ys 1)
D1s ' ’ o ’

—bsa (Vs i+ vays) — as bs (1 2+ Y2 y1) = ps.

Similar expressions can be found for g, = 1,/pss and ps = 44/ps;, hence the
correspondence (6) may now be written in the form

X, = p1s ps1 (B2 — ps),
Xs = pas prs (s — 1),
(6') X5 = po1 Pas (1 — pe),
Xy = Pua1 Pss 1 + Das Ps1 M3 + Pas Prs P8
= pus Pas (1 — ) + Pas Ps1 (ps — s).

It is now readily verified that the seven central lines /(y) are triple on the
surfaces X; = 0, X; = 0, X; = 0, and double on X, = 0, while the twenty-
one lines m (y) are simple on all.the surfaces of the web. The basis curve of
order 63 is therefore made up of the seven central lines /(y), each counted
six times, and the 21 lines m(y).

The tangent planes to the surfaces of the web at each point of the seven
lines are fixed. Moreover, it can be shown that for the image of the plane
X, = 0 the tangent cone at P; is of order six, while the tangent cone of the
image of any plane of the bundle through (0, 0,0, 1) at P is of order eight.
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Hence the curve of order 27, image of a general line of (X), has six variable
branches through P; lying on the tangent cone of the image of X, = 0. The
image of the point P (y) is therefore a surface of order 6 in (X).

Moreover, the image in (X) of a plane in (y) is a surface of order 27,
having the seven central lines I (X) eight-fold, since the image of a point of
one of these lines is a curve of order 8 in (y). The curve y, is 6-fold on all
the surfaces of the system, for a similar reason.

This surface sz is the image of a plane in (y) and also of the conjugate
cubic surface of the plane in the involution I; hence it follows that the image
of the curve y;(y) is a surface I's, of order 54 in (X), having the seven central
lines I(X) 16-fold and the curve yg(X) 12-fold. The complete image in (y) of
this surface I', is the curve y¢(y) and its conjugate ruled surface of order8 in I.
Hence the image in (y) of a straight line in (X) is a curve of order 27, having
a six-fold point at P3(y), a four-fold point at each of the other basis points
and meeting y;(y) in 54 points. The curve meets a general surface of the
web $,3in12-27—4-4-7— 68— 54-3 = 2 variable intersections. The
point P; counts for 48 intersections on account of the fixed sextic cone at Ps.

This is verified by replacing the curve of order 27 by the image of a line
through P;(X). Each of the seven central lines /(y) now counts for 9 in the
intersection of the image surfaces; hence the image of any such line is a curve
of order 6 meeting y¢ in 12 points and passing simply through the eight basis
points P;. The sextic curve meets the image of a general plane of (X) in
6-12—32-3 —7-4— 6 = 2 variable points. Since a line through P;(X)
has a sextic curve for image, the image of Py itself consists of the seven
central lines /(y), each counted three times.

7. Using the notation previously employed, we may write

sim s ye+ 7114 21m,

¢t o cgr: Pg+ TP, [, 76] = 54,

s emsy: v+ T8,

¢ o cig: [ais, U] = 4,

s o Tga: yg'* + T,

reon L yo+ Py + TP+ T8+ 21m?,
lenm A: P46 46m' + s,

Picen (8i): I} +61+6m—+ye,

Ps‘wsé;

Xi=0ms,y: y2+ 708 +21m, i=1,2,8,

X,=0nsgy: yo+ 7004 21m,

Pien 108
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8. The cubic inversion. If the quadrics 4(z) =0, B(z)=0, C(x)=0
have the special forms @y 2y + x5 = 0, w324+ 2324 = 0, 2324 + 212 = 0,
then the four basis points, apart from the vertices of the tetrahedron of
reference, are (1,1,1,—1), (1,1,—1,1), (1,—1,1,1), (—1,1,1,1)
respectively. This case can be discussed more easily if we change the
codrdinate system to the self-polar tetrahedron of the three quadrics. We may
then take three quadrics of the form z} — a2} =0, z} —z} =0, z} —z} =0,
so that the net of quadrics has the form 2 iz =0, whereZ).; =0.

The involution is now defined by the equations

ViYL= Ys 2 = YsYs = YaVi.

The equation of the quadric through (y) and (y') is given by Dy =0,
D' 4;y* = 0 and is therefore

ay  x; oz @ |
Yi Y ¥ Yil_
VAT
1 1 1 1

The basis points are now (1, +1, 41, &=1). We shall take for P; the basis
point (1,1,1,1). The tangent plane_ at (ky -+ k'y’) passes through the
point P, if D) A;(ky; + k'yi) = 0; hence

k _ Zliyi
kl Zliyi,

Xl = 121912 + 24 P1s + 7"41’14:

and similarly for X, Xs, X,.
We find

so that

= (ys — ) (v —y2) (i —¥3) ¥i,
and similarly for 44, 45, 4,, so that

K= H(Zh—%)zyx Ya Ys)
Hence
) Xi=(n+y)(ntys) W+ v) ye ys s

and similarly for X;, X;, X,.

The correspondence is therefore of order 6, the images in (y) of the planes
of (X) being surfaces of Enriques* having the six edges of the tetrahedron of
reference for double curve. These edges constitute the y; of the general case.

k= —H(Z/:— ?/2)2?/1' Y1 Y2 Y3 Ys.

* See Picard et Simnart, Théorie des Fonctions algébriques de deux Variables indépendents,
vol. 2, p. 148.
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The surfaces also contain the lines y; +», = 0, ys+ y, = 0, and two
similar lines. Two surfaces of the web meet in a variable curve of order 9,
image of a line in (X).

9. Fundamental elements in (y). The image in (X) of the point
(1,1,1,1) in (y) is clearly the point (1,1,1,1). To obtain the image of
another basis point, for example (— 1,1, 1, 1), consider a neighboring point
(—1,14+8,147r,14d). We at once find X; = 0. Similarly for the
other three points of this type. Next, consider the point (1,148, — 1+,
— 1+ d) near the basis point (1,1,—1,—1). Here we find X; =2y,
X;=2B+7r)(8+0), Xs=—2y(8+7), Xy =—20(8+ ). Hence
the image surface is X3 X, — X; X, = 0. Similarly for the other two points
of this type.

The composite curve ys. To obtain the image in (X) of a line y, =0,
ys = 0, consider a point (y) near the line, and retain only the lowest powers
of y, and y;. Thus

Xi =y (h+ys) Ys Us, Xe =y (4 9) Y s,
Xs=vvys (s +w), Xe=ysvu (s + 1),

hence by eliminating 3, and y, we have the image of the point. The point
(0,0, ys, y4) has for image the curve (ys + y,) X; Xs — v, X5 (X, + X3) = 0,
¥4 Xs = ys X;. The image of the whole line is obtained by eliminating ys, v,
from these equations. The image of the line 3, = 0, ys = 0 and also of the
line y3s = 0, y, = O is therefore the cubic surface X; X; (X5 + X,) =
Xs X, (X, + X;). Similarly for the other four edges of the tetrahedron of
reference.

The line y, +ys = 0, ys +ys = 0. Proceeding as before, take a point
(1, — w1 +p, ¥s, — ys + ¢) near the line and retain only the lowest powers
of the small numbers p, ¢. After discarding a common factor we find

Xi=py, X = —pys, Xs = —qu, Xs = qu,

so that X; + X; = 0, X; + X, = 0. The image of any point on the first line
is therefore the whole of the second line. Similarly for the other two basis
lines in (y) having a similar form of equations.

The surfaces sz (y) of the web pass through the edges of the tetrahedron
of reference doubly, contain the points (1,1, — 1, — 1), etc. doubly, and the
points, (1,1, 1, — 1), etc. simply. Hence the complete image in (X) of any
surface of the web consists of a plane si (X) counted twice, of six cubic
surfaces, each taken twice, of three quadrics, each taken twice, and of the
four planes X; = 0, each taken simply.

10. Fundamental elements in (X). Vertices of the composite curve ys.
From the expressions for X; in equations (7) in terms of (y) it is clear that
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the point (0, 0, 0, 1) in (y) has for image in (X) the point having the same
coordinates. Conversely, therefore, the point (0,0,0,1) in (X) has one
image at (0,0,0,1) in (y); the other is the entire plane y, = 0, since any
plane of (X) through this point has for image a sextic surface having the
fixed component y, = 0. The residual quintic surface meets y, = 0 in
a composite quintic consisting of three lines of 5 and a variable conic. Hence
the point (0, 0, 0, 1) is 5-fold on s.

11. Lines of the composite curve y;. The image of any plane of the
pencil through the line X; = 0, X; = 0 has the plane y, + y; = 0 for fixed
component in addition to the planes, images of the vertices on the line. Hence
the plane is the image of the line. The sextic surface, image of a general
plane in (X), meets the plane y; + 7. = 0 in a cubic curve apart from fixed
fundamental elements, hence the curve is the image of a point on the line
X, = 0, X; = 0 and the line is triple on every s of the system.

The point (1,1,1,1). The images of planes through the point (1,1,1,1)
have in common in addition to fundamental elements common to all the sextic
surfaces of the web, the three lines of the type ¥y —ys = 0, ys — 5 = 0;
hence the image of the point is these three lines.

The surfaces sy all have the vertices of the composite y; for five-fold
points, the edges three-fold. Moreover, they also have the lines of the type
X,—X; = 0, X;—X, = 0 double. The image in (y) of an sg of the system
is of order 54. It consists of s;, its conjugate s; in I, and of the following
fundamental elements: the four planes y; = 0, each counted five times, the
six planes y; + yx = 0, each counted three times, and three quadrics of the
type y1 y: — ¥s ys = 0, each counted twice.

We have seen that any point on the line y, + ys = 0, ys -+ y» = 0 has for
image in (X) the whole line X; + X, = 0, X; + X, = 0. Since any plane
in (y) meets the line in one point, its image s contains the whole line. Hence
the system sy has also the three lines of this type for basis elements.

12. Algebraic procedure. The plane containing the points (y), (¥'),
and the vertex (1, 0, 0, 0) has the equation

Dss Xz + Paz T+ pes x4 = 0.

Since (y) and (') both satisfy this equation we may write

PsaYs T PasYs+ Pes¥s =0
and

Psa DPas DPss
Yo + Ys + Ya
hence
Yo | Ys  PtHPU— Pl _ 0
Ys + Ys + Dss P34 )



1923] THE (1,2) CORRESPONDENCE 11

Similarly, by considering the plane (y), (¥'), (0, 1, 0, 0), we obtain

Ya Ys pfs + pi’«; — P&
8 e Ee e |
( ) Ys + Ys + P1s P1a

If we subtract the latter equation from the former, clear of fractions, and
make use of the quadratic identity in (p), we obtain

P34 Pasz Pas + Pa1 P18 Psa + D12 Pas P + D2s P31 P12 = 0,

which is the equation of the cubic complex containing the lines (y), (¥').
Conversely, given a line of the cubic complex, we can find a pair of points (y)
from the above equations.

Given the point (X), the quadric 2, 42 =0, 5 4; = 0 that contains
the line (X) (1,1, 1, 1) is given by 2,4 X; =0, 2, 4; X} = 0.

Hence
A= (Xs — X;) (Xs — X)) (Xi — Xp), etc.

By considering the intersection of the quadric and its tangent plane at (X)

we find
P12 = (Xs— Xo) {Xs X, (X; 4+ X5)— X, X5 (X + X4)} ’

and similarly for the other line codrdinates.

Given a plane Ay, +Bys+ Cys+ Dy,=0, we have pssys+ pasys+ pesys=0
and three similar equations. Hence y, = Bpss + Cpis + Dpss and three
similar equations.

By substituting for (y') in this equation we have the image sy of the given
plane in the form

— (A4 B*+ C'+ D*) praprs pra + 2 BCpu (pl + ps — pls) = 0.

The factor (X;— X,)(X.— X;)(X; — X;) divides out as can be seen by
writing the equation in the form

— (A+ B+ C+ DY pyu puspss + 2 BCpss [(pss + pas) — phs] = 0,

but (ps, + Pas) —pss =4 X, X; (X3 X3 + X, X)) (X3 — X,) (X, —X,) (Xi—X,),
hence the image of the plane is

- (A +B+ 0+ D)’QRS'l' BCX: X4(Xs Xs —‘Xl XL) (Xs—Xs)’S =0
in which Q, R, S are three cubic expressions of the form

XS XA(Xl + Xs) "—Xl Xg(Xs + X;), ete.
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The two values of y,, y, are equal if

Dss P2
Hence
(10) [(as + 23)* — D8] [(3s — P34)* — pis] = 0,

from which we find the surface of branch points to be
L' = X, X Xs X, (X, X, — X3 X3) (X3 Xy — X X)) (X3 X, — X1 X,) = 0.

The component surfaces in L'’ = O are the images of the basis points
(1,4+1,4+1,41), apart from the point (1,1, 1, 1).

To express (y) in terms of (X) we start from equations similar to (8) but
for ya/y1, ys/y1, and y,/y,. From these we find

y=QRS,
ntyn={—2Xi L, HH,+2(X,—X)VL}Q,
amn vty ={—2Xi X, [ H,+2(X,— X))V L'} R,

ntn={—2X\ X.H,H,+2(X,— X)VIL'}S,

where H; stands for X, X; — X; X,, etc.
The equations (8) and (11) express algebraically the (1, 2) correspondence
between the spaces (X) and (y).
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